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Abstract. In this paper, we prove that on a Fano manifold M which admits 
a Kahler-Ricci sohton {uj, X), if the initial Kahler metric uj^q is close to uj in 
some weak sense, then the weak Kahler-Ricci flow exists globally and converges 
in Cheeger-Gromov sense. Moreover, if ipo is also i^x-invariant, then the weak 
modified Kahler-Ricci flow converges exponentially to a unique Kahler-Ricci 
soliton nearby. Especially, if the Futaki invariant vanishes, we may delete 
the A'x-invariant assumption. The methods based on the metric geometry of 
the space of the Kahler metrics are potentially applicable to other stability 
problem of geometric flow near a critical metric. 



1. Introduction 

Ricci flow, introduced by Hamilton |23| , plays an important role in understanding 
the geometric and topological structure of the manifolds which it lives on. We call 
the Ricci flow a Kahler-Ricci flow, if the underlying manifold is a Kahler manifold. 
Furthermore, the normalized Kahler-Ricci flow is given by 



(1.1) 



=—Ric+Xuj, 



in which uj{0) stays in the canonical class 2ttCi{M) and A is the sign of the first 
Chcrn class. Cao [7] first showed that Kahler-Ricci flow p.ip has long time existence 
and converges to a Kahlcr-Einstein metric when the first Chern class is negative or 
zero. Now we restrict ourselves in the situation that the first Chern class is positive. 
Since the Kahler-Ricci fiow preserves the Kahler class, we rewrite the Kahler-Ricci 
fiow in the potential level as 

(1.2) =logS + ^-/^. + a(^), 

where a{t) is a constant depending on t and is the Ricci potential of the reference 
metric to defined by 

(1.3) ^/^ddh^ = Ric{uj) - UJ and [ e'^-cj" = Vol{M). 

J M 

In Perelman [50] , he obtained an estimate of the Kahler-Ricci flow and proved that 
the Kahler-Ricci flow converges to a Kahler-Einstein metric in the sense of Cheeger- 
Gromov when one exists for any initial Kahler metric. Later on, Sesum-Tian |34| 
gave the detailed proof. Furthermore, Tian-Zhu [ID] extended it to the case of 
Kahler-Ricci soliton for a JC^- invariant initial metric. In which, a Kahler-Ricci 
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soliton is a Kahler metric such that if there is a holomorphic vector field X such 
that 

(1.4) LxoJ = Ric- uj. 

Since the right side of the equation (|1.4p is real-valued, we obtain Lqx^ ~ and 
the imaginary part of X , generates a one-parameter isometry group Kx- 
In order to study the asymptotic behavior of the Kahler-Ricci flow, we consider 
the stability problem. I.e. on a Kahler manifold M admits a Kahler-Ricci soliton 
{ui,X), in what kind of neighborhood of ui, the Kahler-Ricci flow with its initial 
datum stays, converges in some sense (maybe exponentially) to a Kahler-Ricci 
soliton. 

This stability problem of the Kahler-Ricci flow has been initiated and studied by 
many people, for complete references we refer to Chen-Li [T2]. In Chen-Li [T2] and 
Tian-Zhu |41j . they consider perturbing both the initial metric and the complex 
structure near a Kahler-Einstein metric. 

In this paper, we focus on perturbing the initial metric near the Kahler-Ricci 
soliton without changing the complex structure. Firstly, we give a direct proof 
of the long time existence and convergence in Cheeger-Gromov sense within the 
frame of Donaldon's programme [18] . The proof of which is based on the geometry 
of the space of Kahler metrics. Next, we derive the exponential convergence and 
the uniqueness of the limit via calculating the energy function. Set l^{eo; B,p) be 
a small neighborhood of the zero function depends on eg, B and p which will be 
specified in Section [T] The main results of this paper are given as follows: 

Theorem 1.1. On a manifold admits a Kahler-Ricci soliton (io,X), there exists 
a positive constant eg, if the initial potential ipo stays in ^(eo; B,p), then the weak 
Kahler-Ricci flow exists globally and converges in Cheeger-Gromov sense. Moreover, 
if (po is Kx -invariant, the weak modified Kahler-Ricci flow converges exponentially 
to a unique Kahler-Ricci soliton nearby. 

When the Futaki invariant vanishes, it is obvious that the holomorphic vector 
fields X = and the Kahler-Ricci soliton is a Kahlcr-Einstein metric, then we have 

Theorem 1.2. On a Kahler- Einstein manifold, there exists a positive constant eo, 
if the initial potential ipo stays in ^(eo; B,p), then the weak Kahler-Ricci flow exists 
globally and converges exponentially to a unique Kahler- Einstein metric nearby. 

Simon |35j studied the asymptotic behavior of the gradient flow of the variation 
problem by so called the Lojasiewicz-Simon inequality which compares the distance 
to the critical set with the norm of the gradient of the functional in the space 
under the condition that the functional should be analytic. The underlying idea is to 
reduce the infinite-dimensional problem to a finite-dimensional problem. Perelman 
j31j introduced a new functional called /x functional and pointed out that the Ricci 
flow is the gradient flow of the /x functional up to a diffeomorphism. 

However, in this paper, we do not apply the Lojasiewicz-Simon inequality to the 
fi functional directly. In fact, we provide a new approach to study the asymptotic 
behavior of the flow which is even only a pseudo-gradient flow of some functional, 
since in Kahler setting, geometry gives us more information. To be precise, the crit- 
ical set in the space of Kahler metrics is a finite dimension Riemannian symmetric 
space we will explained later. 
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Since the Kahler-Ricci flow is the pseudo-gradient flow of the if-energy, in order 
to make the mechanism of our proof more clear, we firstly prove Theorem 1 1 . 21 under 
the assumption that the C^^" norm of (po is small. Furthermore, we generalize our 
approach to the case of Kahler-Ricci soliton, Thcorem ll.il 

We sketch our proof of Theorem 11.11 and Theorem 1 1.2 1 as follows. Wc first prove 
the Kahler-Ricci flow (jl.2|) after pulling back by the corresponding holomorphic 
transformations will always stay in a small neighborhood near the background 
Kahler-Einstein metric. When AI has no nontrivial holomorphic vector fields, it 
is not necessary to find the transformations and in Section [3] the proof of which is 
given. However, in general, when M admits nontrivial holomorphic vector fields, 
in Section 14.11 we develop a new method to pick up the appropriate transforma- 
tions following the trace of the Kahler-Ricci flow in the space of normalized Kahler 
potential J-Cq (c.f. p.2p ). It has been shown by Mabuchi [25 , Donaldson [17] and 
Semmes [33] independently that "Kq is a inflnite dimensional symmetry space of 
negative curvature. Later, Chen |10l proved JCq is also a metric space. Since the 
space of potentials of Kahler-Einstein metrics, £o, is a totally geodesic submanifold 
in J{oj the projection p minimizing the distance function from the Kahler-Ricci 
flow to £o is uniquely determined. The Bando-Mabuchi's uniqueness theorem of 
Kahler-Einstein metric [3] implies LUp is different from the reference Kahler-Einstein 
metric by a holomorphic transformation. The projection Kahler-Einstein metric is 
exactly the new reference metric we acquired. 

Another way to derive a holomorphic transformation (in the Appendix) of (/3 e 
?£o is to minimize the I — J functional in £o, which has been introduced by Bando- 
Mabuchi [3] to prove the uniqueness of the Kahler-Einstein metric. However, their 
method can not be applied in our case directly, since in general the hessian of I — J 
functional is not strictly positive, i.e. the minimizer is not unique. Nevertheless, 
as we observed when the C^'" norm of (p is small, the hessian of / — J functional 
is indeed strictly positive. Therefore, the holomorphic transformation is uniquely 
determined. 

Next, in Section [S] we derive the exponential convergence of the Kahler-Ricci 
flow by computing the energy functions and using the Futaki invariant. The key 
idea is since the geometric quantities such as the Sobolev constant and the Poincare 
constant are invariant under the holomorphic transformation, the De Giorgi-Nash- 
Moser iteration can be applied to control 

Then in Section [S] we prove a stability theorem of Kahler-Ricci fiow near a 
Kahler-Ricci soliton (w, X) similarly to the case of Kahler-Einstein metric. We first 
prove the Kahler-Ricci flow (|1.2[) modulo automorphisms will always stay in a small 
neighborhood near the background Kahler-Ricci soliton for arbitrary initial Kahler 
potential with small C^'" norm. The key idea is to use Perelman's fi functional [3T] 
instead of the X-energy, since the hessian of the fi functional is nonnegative at a 
Kahler-Ricci soliton within the canonical class |41| . Furthermore, we reparametrize 
the Kahler-Ricci flow (|l.ip by the automorphisms <;(t) generated by the real part 
of X such that 



It is obvious that the Kahler-Ricci soliton is the stationary solution of the modi- 
fied Kahler-Ricci flow (|1.5p . Since the Kahler-Ricci soliton {u!,X) is J-iTx -invariant 



(1.5) 
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and the Kahler-Ricci flow is also invariant under the holomorphic differmorphism, 
without lose of generality, we assume the initial datum is if x -invariant. Then we 
generalize the exponential convergence of the Kahler-Ricci flow derived in Section 
[5] to the modified Kahler-Ricci flow (|1.5p . 

Finally, in Section[7l at a fixed time, we show that the C^^" norm of the potential 
is small when the initial value is small under certain weak condition. The main idea 
is to use the estimate introduced in |16j . 

As a corollary of Theorem 11.11 we deduce that the limit metric of the Kahler- 
Ricci flow is unique. Set {ip{ti)} be a sequence of the solution of the Kahler-Ricci 
flow which converges to a Kahler-Einstein metric or Kahler-Ricci soliton goo , if there 
exists, then there exists some ip € {fiti)} such to the stability-condition given in 
Theorem 11.11 According to the stability Theorem 11.11 the Kahler-Ricci flow with 
initial- value ip converges exponentially to a Kahler-Einstein metric gl^ (or Kahler- 
Ricci soliton respectively). Furthermore, since we assume that {tp{ti)} g^o, so 
gl^ must coincide with goo- 

We emphasize that our approach using to prove Theorem 11.11 is also applicable 
to the case for the general pseudo-gradient flow. I.e. neither the condition "flow 
is a gradient flow of some functional", the Perelman's deep estimate [30], nor a 
prior long time existence of the flow is required. It is possible that our method 
can be utilized to solve similar problem of other geometric flow problems. For 
instance, to prove the stability theorem of the pseudo-Calabi flow near a constant 
scalar curvature Kahler (cscK) metric in [11] and of the Calabi flow near a extremal 
metric in [24] . 

The paper is organized as follows: In section [2] we review the known results 
of the space of Kahler metrics and the well-posedness of the pseudo-Calabi flow 
(c.f. (|2.1ip ) we obtain in [11]. In Section [S] Section |4] and Section [5] we first 
prove theorem Theorem 11.21 under the assumption that the C^'" norm of the initial 
Kahler potential is small. Then we prove Theorem 1 1 . 1 1 under the same assumption 
in Section |6j Finally, in Section [7] we explain how to weaken the initial condition to 
which stated in both Theorem 11.21 and Theorem ll.il In the Section [5] we explain 
another method to choose the holomorphic transformation. 

Acknowledgements: The author is grateful to thank Prof. Xiuxiong Chen who 
brought him into Kahler geometry and introduced him to this problem. He is 
also grateful for Prof. Weiyue Ding for his constant encouragement and support. 
He also wants to express his thanks to Prof. Xiaohua Zhu for his interest in this 
problem and his many helpful discussions. 



Let M be a compact Kahler manifold of complex dimension n with positive first 
Chern class Ci{M) and cj be a Kahler form which represents the canonical class 
2ttCi{M). In a local holomorphic coordinate zi, Z2, ■ ■ ■ Zn, lo is expressed by 



2. Notations and basic results 
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The corresponding Rimannian metric is given by 

n 
i=l 

For a Kahlcr metric uj, the volume form is 

dV = uj" = (V^)" det(g-)dz^ A dz^ A • • • A dz" A dz". 
The Ricci form taking the form 

n 

Ric = V^^Rfjdz' A dz^ = -V^ddlogdetui" 

i=l 

is a closed real (1, l)-form and stays in 2ttCi{M). According to which, we obtain 
the scalar curvature satisfies 

5w" = nfficAa;"^^ 
Furthermore, a direct calculation gives the average of the scalar curvature 

[ SdV=^[ i?icAa;"-i =n. 

Let JC be the set of all Kahler forms on M representing 2ttCi (M) and £ be the set 
of all Kahler-Einstein metrics in JC. According to dd lemma, for any Kahler metric 
uj' in 3C there exists a smooth real-valued function ip such that uj' = u! + \/—lddip. 
Then the space of Kahler potentials of 3C is given by 

3^ = {(^ € C°°(M, E)|w + V^ddif € X}. 

Apparently, we have a isomorphism T!K = !H x C°° (M, R) . Mabuchi [28] , Donaldson 
|17j and Semmes |33| independently defined a Riemannian metric on !K by 

JM 

for any /i, /2 € T^p'K. For any path (p{t){0 < t < 1) in 'K, the length is given by 

(2.1) L{^{t))^J^ y^/^WHw^* 

and the geodesic equation is 

in which we use ' to denote the differentiation in t and to denote the covariant 
derivative for the metric gip(t)- The geodesic equation enables us to define the 
connection on the tangent bundle. For any tangent vector field il^it) along the path 
f{t), the covariant derivative along ip(t) is defined by 

Then the connection at tp is given by 

r(Vi>2) = -i(v^i,v^/'2)3, 

for any ipi and ip2 in T^Jf . Moreover, F is torsion-free and metric-compatible. The 
following theorem is proved in [55], [T7] and [33]. 
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Theorem 2.1. (Mabuchi |28| . Donaldson |17j . Semmes [33j ) T/ie Riemannian 
manifold J{ is an infinite dimensional symmetric space; it admits a Levi-Civita 
connection whose curvature is covariant constant. At a point Lp £ 11 the curvature 
is given by 

R^{Siip,52'f)S3(p = ~^{{Si(p,S2f}^,S3(p}^, 

where {, }ip is the Poisson bracket on C°°{M) of the symplectic form uj^. 

Chen established the following theorem in [TO] . 

Theorem 2.2. (Chen [TO]^ The following is true: 
(i) 'K is convex by C^'^ geodesies, 
ill) 'Ji is a metric space. 

Later, Calabi and Chen proved 'K is negatively curved in the sense of Alexanderof 
in [B] . We denote the space of normalized Kahler potentials by 

(2.2) 5{o = {95 e C°°(M, R)\lo + yf^ddip > and /(<^) = 0}, 

where 

In fact, can be naturally split as 

IH = 5{o X R. 
It leads to the decomposition of the tangent space 

T^ = {f\ I /< = 0}®R. 

JM 

On a Kahler-Einstein manifold (Af, w), choose uj be the reference metric. It is clear 
that /i^j = by the definition (jl.Sp . Substituting this into the potential equation of 
Kahler- Ricci flow (|1.2p . we obtain that 

jt =logg + ^ + a(t) 
Furthermore, we choose appropriate normalization constant 



(2.3) 



(2.4) «W = -f^ / (log^+v:')^ 



M ^ " 



then one obviously sees that 

(2.5) ddW) = \-A dtH^^l = 0- 

We first assume if^ E J-Cq such that /((/Jo) = 0, the general case will be treated in 
Section[71 Then (|2.5p implies /(</?) = which assures the solution ip of (|2.3p always 
stays in ^Kq- 

For any g Jf , Mabuchi [37] defined the iiT-energy of {M, uj) as follows 

(2.6) ,.{uj,uj^) = -i /_^(r)(5^(,) - 5)c.^(,)dT 



JM 
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where ip{t) is an arbitrary piecewise smooth patli from to f. Later on, the expUcit 
expression of the JiT-energy is given in Chen [9] and Tian [37] as 

We wiU in later section simply denote 1^(1^3) instead of i>i^(ip). The second variation 
of the K-energy is given in Mabuchi [28] . 

Theorem 2.3. (Mabuchi |28| J If lu is a critical point of v[lp), then the inequality 

(2.8) ^K^t)lt=o>0 

holds for every smooth path {6t \ — e < i < e} in % such Oq ~ uj. 

Let Aut{M) be the group of holomorphic automorphisms of M and Auto (A/) be 
its identity component. Bando-Mabuchi [3] and Bando 2 further showed that 

Theorem 2.4. (Bando-Mabuchi |3], Bando ^) A ssume 8, ^ (j). Then 

(i) K-energy is bounded from below on % and takes its absolute minimum ex- 
actly on £. 

(ii) £ consists a single AutQ{M) orbit. 

Indeed the normalization constant a{t) can be estimated by the X-energy. 

Lemma 2.5. Let (p be the solution of (j2.3p . The relation between a(t) and the 
K-energy ^{(p) is given by 

(2.9) a{t) + iy{ip)^a{0) + v{ipo)- 

Proof. We calculate the evolution of a{t) along the Kahler-Ricci flow directly, 

^tA^^ = - (A^ + l)^'^;^ - / (log^ + ^)A^^..^. 

According to the Stokes' theorem and (|2.5p the first term vanishes identically. 
Meanwhile, by using the integration-by-part formula and (|2.3p . the second term 
becomes 



(5y - n)ipuj^. 

M 



Since (j2.6p implies 

^^.it)^^^JJS,-n)p.:^, 
we obtain 
(2.10) 

Thus, the assertion follows by integrating both sides of p.lOp with respect to t. □ 

Since the X-energy is decreasing along the Kahler-Ricci flow, according to The- 
orem [23] we immediately conclude that: 

Corollary 2.6. On a Kdhler- Einstein manifold, a{t) is uniformly bounded along 
the Kahler-Ricci flow. 
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The following theorems including the short time existence, the regularity and the 
continuous dependence on initial data of the Kahler-Ricci flow have been proved in 
Chcn-Ding-Zhcng [11] , in which they defined a new second order Mongc- Ampere 
flow called pseudo-Calabi flow 



The pseudo-Calabi flow coincides with the Kahler-Ricci flow, when the initial da- 
tum is restricted in the canonical Kahler class. Let X = C°([0, T), C^+"(M, 5)) n 



Theorem 2.7. (Chen-Ding-Zheng [TT]^ Let (po € C'^'°'{M,g) he such that Aw < 
Wi^o < Aw for two positive constants A and A. Then the pseudo-Calabi flow has a 
unique solution ip{x,t) S X, where T is the maximal existence time. 

Theorem 2.8. (Chen-Ding-Zheng [llj J The solution of the pseudo-Calabi flow 
if € X is smooth for any t > 0. 

Theorem 2.9. (Chen-Ding-Zheng ) If cf) is the solution of the pseudo-Calabi 
flow for initial datum 0o on [0,T], then there is a neighborhood U 0/ 0o such that 
the pseudo-Calabi flow has a solution ip{t) on [0, T] for any (po €z U and the mapping 
ipo ^ (fit) IS for = 0, 1, 2, . . . 

A direct corollary of the continuous dependence on initial data Theorem l2.9l savs. 

Theorem 2.10. (Chen- Ding- Zheng |llj J If M admits a cscK metric lo. Let ipo g 
C^'"(A/, g) be such that Xcu < uj^„ < Alo for two positive constants A and A. Then 
for any T > there exits a positive constant eoiT). If Iv'o I c2'°(M,g) ^ ^oiT), then 
the pseudo-Calabi flow has a unique solution on [0,r], and 



for all t G [0, T], where C depends on M , g and T . Furthermore eo(T) goes to zero, 
as T goes to infinity. 



Let r]{M) be the set composed of all holomorphic vector fields on M . Now, we 
start with the case rj{M) = 4>. We shall prove the following proposition in this 
section. 

Proposition 3.1. Assume M admits a Kahler- Einstein metric w and has no holo- 
morphic vector fields. There exits a small positive constant eo, suppose the initial 
datum satisfies 

l</'olc2-°(A/) < eo, 
then the Kahler-Ricci flow g^ converges smoothly to g. 

Proof. We at first show that under the assumption of the proposition, the solution 
of (|2.3|) always stays in some small ei-neighborhood of the zero function. 

Lemma 3.2. For any ei > 0, there exits a small positive constant eg- If 

|</'o|c2.°(M) < £0, 

then \ip{t)\2.a < £1 for all t € [0, +00). 



(2.11) 




([0,r),C"(M,5)). 



l'Plc°(M,g) + |'P|c2-°(A/,g) < Ceo{T) 



3. No NONTRIVIAL HOLOMORPHIC VECTOR FIELDS 
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Proof. Suppose that the conclusion fails, then there must exist a sequence of initial 
datum (^^ such that 

By virtue of Theorem 12.101 we get a sequence of solutions ips (t) satisfying the flow 
equations p.3|) with (ps{0) ~ ip'^. Let Tg be the first time such that 

(3.1) \ips{Ts)\c^,c. = ei and \(ps{t)\c2,c. < ei 

on [0,Ts). According to Theorem 12.101 again, we have Ts > Ti > 0. Moreover, we 
apply Theorem [ZH to ((23)) on [T, - 2a, T^] for fixed a such that < a < ^ - ^, 
then we obtain the uniform higher order bound of the sequence of the solutions 

l'Pslc'=.°(A/) < C(fc,ei,a),Vfc > 

on [Ts — a,Ts]. Consequently, there is a subsequence of (ps = ips{Ts) converges 
smoothly to (f>oo satifying 

(3.2) |0oo|c^.- =£1. 

It is obvious that g^^ is still a Kahler metric. Since the ii'-energy is not only well 
defined for (p'^ by (|2.7p but also decreasing along the Kahler-Ricci flow. Theorem 
implies 

< j^U^,) < i^Uvsio)) < -■ 

s 

By passing the limit we obtain 

lim v^{ips) = Vuii^Poo) = 0. 



According to Theorem 12.41 we obtain g^^ is a Kahlcr-Einstein metric. From The- 
orem [53] we deduce that (jjca must be a constant. Furthermore the normalization 
condition I {(poo) = gives rise to (f>oo = which contradicts to p.2p and the lemma 
follows. □ 

According to Theorem l2.8l and |(^(t)|c2.a < ei uniformly, we have that |<p(i)|c'= < 
Cfc for any fc > 3 away from t ~ 0. It follows that there is a subsequence of 
any sequence U converges smoothly to a limit function ipao- Moreover, since the 
i^T-energy has lower bound and it decays along the flow, uj^^ must be a Kahler- 
Einstein metric. This togethers with Theorem 12.41 and the normalization condition 
implies that ipoo = 0. Because ti is chosen randomly, we conclude the Kahler-Ricci 
flow converges smoothly to the original Kahlcr-Einstein metric. □ 

4. M ADMITS NONTRIVIAL HOLOMORPHIC VECTOR FIELDS 

4.1. Choice and estimate of holomorphic transformations. When M admits 
holomorphic vector fields, we need to find an appropriate holomorphic transforma- 
tion. Set £o C O-Cq be the space of Kahler potentials of Kahler-Einstein metrics. 

Let a^uj be any curve with (Tq ~ id in Eq, the tangent vector at w is -^a^\t=QU! = 
Lxij-i- Here X = {at)^^dto-t\t=Q is the real part of some holomorphic vector field. 
Since Ci(M) > implies M is simple connected by Kobayashi [25], we obtain 
LxUJ = y/—lddOx for some function Ox ■ Hence, that the dimension of the space of 
holomorphic vector fields is finite infers which of £o is finite. Moreover, according 
to Mabuchi [28], we have £o is also a totally geodesic submanifold of Mq. Then the 
point p S £o realizes the shortest distance between ip and £o is uniquely determined. 
In fact, according to Theorem 12.41 we obtain a holomorphic diffeomorphism a G 
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AutQ{M) such that a*u} = lj + ^/~^ddp. The following invariance of the K-energy 
under the holomorphic transformation is known in Mabuchi [2 7) . 

Lemma 4.1. i^(a;,a;(£r-i).(^_p)) = v{lo,lo^p) v{LOp,Lo^p). 

Proof. Since u and Wp are both Kahler-Einstein metrics, we have that 

The first inequality holds by Lemma (5.4.1) in [27] and the last one follows by 
Theorem (5.3) in [57]. □ 

In jllj we prove some lemmas regarding to the metric geometry of the space of 
Kahler-Einstein metrics. The following two lemmas show that when metrics stay 
close to w, their projection metrics are uniformly bounded. 

Lemma 4.2. There exists a positive constant e, for any p satisfies d(0, p) < e, we 
have \p\c3,a < C2t- 

Proof. Since £o is a finite dimension Riemannian symmetric space, the small e 
neighborhood near p = in this submanifold can be pulled back by the exponential 
map expo to the tangent space To(£o) at 0. Denote -0 = e.xp^^{p). Then the 
length from V' to is e. We obtain the norm induced by the distance on To(£o) is 
equivalent to the C^^" norm, since all norms on a finite-dimensional vector space are 
equivalent. Then we have \expQ^ {p)\c^.a is bounded by Cit. Furthermore, since the 
exponential map is a diffeomorphism in the e neighborhood near p = 0, we obtain 
|p|c^'° ^ for some constant C2 and this lemma follows by an appropriate choice 
of e. □ 



Remark 4.1. In fact, we can improve the above conclusion in Lemma l42l for of 
fix fc > 0, not only for C^ °' norm. 

Lemma 4.3. There exists a positive constant ci. If\Lp\c2.a < ei, then \p\c3,a < C4 
and \cr\h < C5. Here h is the left invariant metric in Aut(M). 

Proof. Choose a path -ft ~ t(p — liW) ^ ^0 for < i < 1- Denote (i(0,(^) the 
distance between and (p. Then by using (|2.1I) . we compute 

d(0,^) < L(7t) = j\ Jj^rcoD^t 



'0 J M 

for |(y9|,^2,c, < ei. Moreover, the choice of the p implies 

d(0, p) < d{0, v?) + d{^, p) < 2d{0, p) < Cgei 

by the triangle inequality. From Lemma l42l it follows that l/olc^ o < C4 = C2C3ei. 
Furthermore, using Lemma 4.6 in Chen-Tian |14j . we derive |f7|/i < C5 and the 
lemma follows. □ 

Remark 4.2. Alternatively the holomorphic transformation can be derived by mini- 
mizing I ^ J functional in Bando-Mabuchi's work [3], that will be further discussed 
in the Section [51 They use this minimizer to prove the uniqueness of the Kahler- 
Einstein metric when the first Chern class is positive. The minimizer of / — J 
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functional is not unique in general, since the second variation of this functional is 
not strictly positive. However, we observe that when the potential is small enough, 
the minimizer is unique. Furthermore, we prove a similar estimate Corollarv l8.2l to 
Lemma 14.31 

4.2. Long time existence and Cheeger-Gromov convergence. Set 

S(ei, C(fc, ei)) {^||.^|c2,» < ei; < C{k, ei)}. 

It is obvious that e S. 

Lemma 4.4. For any e > 0, There is a small positive constant a depends on e and 
S such that for any ip ^ §, if ^^^{ip) < o, then \[a^^)*{Lp — p)\(j2.a < e. 

Proof. If the conclusion fails, we assume there exist a positive constant e and a 
sequence of G S satisfying 

s 

such that 

(4.1) \{a:^Y{ps-Ps)\c--->e. 

Since ips S S(ei, C(fc, ei)), wc obtain a subsequence ipsj of converges to tpoo in 
smooth sense. Let ips ~ {aj^)*{ps — Ps)- Lemma 14.31 gives 

|Ps|c3'° < and \(Js\h < C5 

which implies there are subsequences (using the same notation) of ps - and CTs . by 
the Azela-Ascoli theorem and the Bolzano- Weierstrass theorem respectively such 
that 

Psj — > Poo in C^'^ sense for any (3 < a 
and (Tg^. — > (Too in the left invariant metric. 
Then combining with Lemma |4 . II which implies that 

l^ui^oc) = J^^(<^oo) = 

we derive (psj converges to poo = {'^^Yifoo ~ Poo) G £0 in C^'^ and cr^w = 
w + ddpaa- Moreover, according to Theorem 12. 4[ we have (poo,foo & £o- We claim 
that 

rf(<Poo,Poo) = 0. 

Otherwise for some sufficient large N, when Sj > N, d{ips. ,Psj) = d{ipsj , £0) has a 
strictly positive lower bound. Since it is shown the distance function is at least 
in Chen |10j . we have d(ipoo,^o) > that contradicts to poc G £o- Consequently, 
this claim holds and implies ipoo = which is a contradiction to [(podc^ " ^ £ given 
by g3]). □ 

Proposition 4.5. Assume M admits a Kdhler- Einstein metric lu and has nontriv- 
ial holomorphic vector fields. There is a small positive constant eg- If |'/5o|c2'°(A/) ^ 
eo; then there is a unique solution pit) and the corresponding holomorphic trans- 
formation g{t) such that the normalization potential of g{t)*io{t) always stays in §. 
Moreover, for any sequence uj{ti), there is a subsequence uj{ti. ) such that Q{ti.)*Ljj{ti. ) 
converges smoothly to a Kdhler- Einstein metric lOoo- 
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C(k,gi ,g,T) 



gi/2 







T T+T T+T, 



Figure 1. Illustration of the proof idea of ProDOsition l4.5l : solving 
the equation after puUing-back. 



Proof. We prove this proposition by the contradiction method. Let ei be deter- 
mined in Lemma 14.31 Owing to Theorem I2.10| we assume there is a maximal time 
T such that 

\(p\c^.o. < ei on [0,T) and |(p(r)|c2,„ = ei. 
According to Theorem 12.81 we obtain \(p{T)\(jk,a < C(fc, ei, ^) on So we get 

¥.(T)eS(ei,C(fc,ei,|)). 

There are two situations. If ip{T) is a Kahler-Einstein metric, the flow will stop 
here and our theorem is proved. Otherwise, we will extend the flow as follows. We 
first choose eg small enough to guarantee 

i^uji^Po) < o(y,S(ei,C(fc,ei, j))) 

where the constant o( S(ei, C(fc, ei, ^))) is determined in Lemma [4.41 Let the 
holomorphic transformation a be the projection of ip{T) in £o with (7*lu = lo + 
^/—Iddp. Wc set (fil be the Kahler potential of the metric pulled back by a, i.e. 



"^ifiiT) — OJ 

Since the ii'-energy is decreasing along the Kahler-Ricci flow, wc obtain according 
to Lemma [4. 11 



(4.2) 

So Lemma implies that 



i^c.(^;)<o(|,S(ei,C(fc,ei,^))). 



(4.3) 



IV'lc2.o(g) = 1(0- ^)*(<^(r) - /3)|c2.= (g) < 



ei 



We next show that the Kahler-Ricci flow is invariant under the transformation. Let 
ipi = {a^^)*{ip{t) - p). Since 



dt 



UJ„ V Jm w 

If.. w," 



log^ + ^i-- / (iog^ + ^i)..;jj 
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The second equality follows form the fact that tOp is a Kahler-Einstein metric. We 
conclude that ipi is the solution of the equation of the form 



(4.4) 



§1^1 =log^ + <^i+aW 



with (|43|) and (|42|) . Again, Theorem [2.101 implies (|44l) has a solution on [0,ri] 
with Ti>T such that 

Moreover, let ip{t) = (T*(pi{t - T) + p on [T, T + Ti), the new ip{t) is the solution of 
(|2.3|) on [0, T + Ti]. Then we repeat the same steps inductively for 

T 

^Ps-i{Ts-i) e §(ei,C(A;,ei, — )), 

with Tg^i > T which is obtained in Theorem l2. 101 till (^^ becomes a Kahler-Einstein 
at time T,, if Ts < oo. If not, we have the Kahler-Ricci flow has the long time 
existence and the solution (^(i) for all t > given by 

s— 1 s— 1 s 

For any sequence {<^tj }, there is s such that X]i=o — — Ei=o Furthermore, 
let Qj = {YViZl CTj)"^ We have 

T 

-w|c» < ei and le*^^,^ -w|c"' < C(A:,ei,-). 
Therefore all metrics are equivalent and their derivatives are bounded. We denote 

It follows that by abuse of notation there is a subsequence of oj^^ . converges to a 
limit metric Woo- However, Woo depends on the choice of the subsequence. Since 
the if-energy is bounded below, we have lim^-j-oo . ) = 0. It follows that 

goo is a Kahler-Einstein metric from Theorem 12.41 Consequently, this proposition 
is proved. □ 



Let ts = "^1=0 Ti- Follow the same argument in Chen-Tian |14| . we can first 
connect each disperse points by geodesies in the space of Kahler-Einstein metric so 
that 

g{t) = g{s) exp{{t - s)^^), Vt G [s, s + 1] 

for Xs is uniformly bounded by Lemma 14.31 Then smooth the corner at each 
points ts by replacing the broken line by a smooth curve in small neighborhood 
near ts without changing the value and t derivative in the end points. Hence we 
have extended the holomorphic transformation to each t so that it is Lipschitz 
continuous in t. 
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5. Exponential convergence 

In this section, wc show that the sequence of holomorphic transformations g(t) 
are compact and the exponential convergence of the Kahler-Ricci flow. Let = 
g{t)*iu^^ty We have already obtained limt^.oo Ric{g^^) — uj^p^ = in SectionU) Since 
the holomorphic transformation keeps this identity invariant, we obtain 

(5.1) lim Ric{gu,t) ~ ^vt = 0- 

f oo 

After taking the trace, we get 

(5.2) lim A^^ip — lim S{g^J — n = 0. 

Now for each time t, we apply the De Giorgi iteration to derive the L°° bound of (p 
under the normalization condition p.Sp . In the following, the constant C may be 
different from line to line. 

Lemma 5.1. Along the Kdhler-Ricci flow, we have 

(5.3) \\ip\\oo < C'\\S - n\\oo for any t > 0. 
Proof. We first notice that ip satisfies the equation 

A^(y3 = -S{g^J + n. 
Then we multiply this equation with (^^'"^ and integrate on M to get 

Q Ji\i Jm 
Since ujip = (t*uj^ and the Sobolev constant and Poincare constant are invariant 
under the holomorphic transformation, we have they are uniformly bounded. Let 
q = 1, we have 

(5.5) / |V^pc.;= / 9^(5 -n)w;. 

Jm Jm 

We apply the Poincare inequality and (|2.5p to (|5.5p to get 

M\h<C'p I piS~n)u;;. 
Jm 

Here Cp is the Poincare constant. Then we use the ^-Holder inequality to get 

m\h < \\Mh + lcfMs~n\\l 

(5.6) <C'^C{6)\\S-n\\l 
and apply the ^-Holder inequality to (|5.5p again to get 

|V^pa.^<||^||i. + ||5-n||L. 

IM 

Accordingly, combining with (|5.6p we obtain 

(5.7) ||</j||ivi. 2 < ens' - n||oo- 
Let p > n. We claim: 

(5.8) \\ip\\ 2„p < C\\S-n\\r^. 

2n+p 
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When n = 1, the claim obviously follows from (|5.7p by the Sobolev imbedding 
theorem. Since the Sobolev constant is bounded, we can use the Sobolev inequality 



^-1 



(5.9) i/i^^;^)^ <C2 / \f\'oj;+ \wf\'uj';. 

Jai Jm Jm 

For any n > 2, we apply the Sobolev inequality (|5.9p to the left side of (|5.4p and 
the Holder inequality to the right one to obtain 

JM Jm Jm 

Setting q = -^Tr^r^, we have 

(5.10) (/ ivj|^o^<c/ [ {s-nf-^uj:;. 

Jm Jm Jm 

Since the interpolation inequality implies 

Il0l| 2(,»-i)p < e||(/5||^sj^ + C'(e)||'^||2, 

2TI+P 2n+p 

we have by (|5.7p 

(5.11) ll<^l| 2(„-i)p <e||^||^+C(e)||5-7i||oo. 

Hence substituting (|5.1ip into (|5.10p we obtain the claim provided Ce = i. 

Next, let X be any point in M and 77 be a smooth cut-off function defined in the 
closed ball B2r{x) centered at the point x such that rj equals to 1 within Bi^{x) 
and vanishes outside Br{x). In B2r{x), by chain and product rules rjip satisfies 

A^irjip) ^{ri- 2Arj){-S{g^,) + n) + A^w + 2V'^(V,77(-5(g^J + n)) 

(5.12) =.f + V'g, 

for / = (tj - 2AT]){-S{g^,) + n) + A^rjip and g = 2(V,?7(-5(.g^J + n)). Set 
F = (II f II 2,ip + ll^illp) and the test function "0 be max{fc,7;cp} for any fixed fc > 0. 

Multiplying (j5.12p with -0 and integrating by part on M, we have 

(5.13) / |VV|'< = - / /0< + / S.V-'^. 
Jm Jm Jm 

By using the Holder inequality to the right side of (|5.13p we obtain 

||vV'||^<miV0||2 + ||VII^)l^(fc)l^-^ 

for A{k) ~ {y e Br{x)\{r]ip){y) > fc}. Using the Sobolev inequality (|5.9p to V, we 
have 

Ci(/ |^|^0^<C2/ |V^P<+/ iVVfc.^ 



M Ja/ Jm 



(5.14) < 2 / iV^l^w^ 

Jm 



<C2\Br\^{ \i'\—Uj';)—+ IWI-C. 

Jm Jm 

|2, ,n 



2, ,n 



when we choose r small enough so that C2\Br\^ < Furthermore, using (|5.14p 
we derive 

||VV'||^<CF||VV||2|^(fc)|^-^. 
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Then we apply the Holder inequality to obtain 

\\yni<l\\yni + lc'F^\A{k)\'~i 

< C^F'^\Aik)\^-i. 
Now using (|5.14p again we derive 

M\^<CF\A{k)\i-i 
which provides for any h > k, 

\A{h)\<i-^)^\Aik)\^. 

Let d = CF\A{0)\ ^"-p 2 p-^" and kg = d{l - j^). It is proved inductively that 

\A{ks+i)\<\AiO)\2-^. 
Consequently, = as s — > oo. In other words, we obtain 

ip < Cyw2l^f||(i)||^2np + US' - n\\oo) in Bi^{x). 

Finally, this estimate together with (|5.8p provides the global supper bound of ip we 
desired. Similarly, we obtain the global lower bound. □ 



Remark 5.1 . Given the bound of the scalar curvature (|5.2p and the if-energy's lower 
bound, it is available to apply Phong-Sturm's argument [32] to get Jj^ |V(/9pw^ 0. 
Then we apply the Poincare inequality and the normalization condition (j2.5p to 
obtain J^j Ivjpo;^ ^ 0. 

The evolution of no{t) = y Jj^j 'f^^^^ is given by 



V JM ^ "^v 

d_ 

dt 



Then following the same argument in Chen-Tian [13], we use the fact the the 
spectrum of gt converges to the spectrum of the Kahler-Einstein metric and the 
Futaki invariant is zero to obtain 



(5.15) Mt) = / <yj'^J < f^o{0)e' 



IM 

Moreover it is direct to compute that (sec for Page 539 in Chen-Tian [13] 

-et 



(5.16) Mt) = ^ f \V^\'cu;<Moy 

y JM 

We apply the Sobolev imbedding theorem to obtain 

(5.17) l^lc^,,) < Ce-'K 

We use (p{t) — ip{0) + ipdt and (|5.17p to obtain the C° estimate 

(5.18) \ipit)\co < \ipmco + Ce-''* . 

From the equation ip — log ^ — ip + a(t), Yau's estimate [12 (see [7]) gives the 
second order estimate < n + Aip < C . It follows g and g^ are equivalent. So 
we have \(p — (p — a{t)\Q2 < C thanks to the uniform bound of a{t) given by (|2.9p 
and (|5.17p . Then the C*-^'" estimates by Evans [H] and Krylov [55] shows <p has 
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uniform C^'" bound. Moreover, Theorem 12.81 provides the uniform bound on ah 
higher order derivatives. Then g and g^, are C°° equivalent. So ()5.16|) impUes 

l'^-'^oolc'^(g^) <Cfce-^*,Vfc>0. 

Therefore, we have obtained the exponential convergence of the Kahler-Ricci flow. 

Proposition 5.2. // the Kdhler-Ricci flow converges to a Kahler- Einstein met- 
ric in Cheeger-Gromov sense, i.e. for any sequence g(ti), there is a subsequence 
g{ti-) and the holomorphic transformation g{tij) .such that g{ti^)* g{ti.) converges 
.smoothly to a Kdhler- Einstein metric goo- Then the Kdhler-Ricci flow must con- 
verge exponentially to a unique Kdhler- Einstein metric nearby. 

6. Kahler-Ricci soliton 

In this section we generalize our above argument to the Kahler-Ricci solitons. 
According to Fujiki f20| . The identity part of holomorphic transformation group 
AutQ{M) is meromorphically isomorphic to a linear algebraic group L{M) and 
such that the quotient AutQ{M) / L{Ad) is a complex torus. In Futaki-Mabuchi's 
work [22], they used the Chevalley decomposition to L{M) to obtain a semidirect 
decomposition 

Auto{M) = Autr{M) K Ry,. 
Here Autr{M) is the reductive algebra group which is the complexification of a 
maximal compact subgroup K and Ru is the unipotcnt radical of Auto{M). Let rjr 
be the Lie algebra of Autr{M). A Kahler metric u! is called Kahler-Ricci soliton, if 
there is a holomorphic vector field X such that 

Lxio ~ Ric — u). 

Tian-Zhu in j38| proved the uniqueness of Kahler-Ricci soliton for a fixed X in the 
Lie algebra of Aut(){M): 

Theorem 6.1. (Tian-Zhu [38) ] If{uj,X) and (io',X) are two Kdhler-Ricci solitons, 
then there are holomorphic transformation groups a G AutQ{M) and r G Autr{M) 
.such that a*uj ^ T*cr*u' and a* X ^ rjr. 

Without loss of generality, we may assume X € rj.r{M). Since Lqx^ = 0, ^X 
generates a one-parameter isometric group Kx- We further choose K such that 
Kx C K. According to Proposition 2.1 in Tian-Zhu [31], X lies in the center of ijr- 

Since there is a real value function 9x such that Lxoj = \/—ldd9x with /^^ e^^'w" = 
V by the Hodge theory. Then the potential equation of the Kahler-Ricci flow (|1.2p 
is 

(6.1) =log§ + V-Ox+ait) 

[(fiO) =ipo. 

We choose 

«W = -T7 / (log^ + ^-0xK 

^ JM ^ 

and /(<po) = so that the Kahler-Ricci flow stays in CKq- Perelman in [3T] defined 
a functional called W functional, 

W(5,/,r) = (47rr)-t ( [t{\V f\'' + S) + f ~ n]e-f dV 

JM 
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which is invariant under diffeomorphism a and scahng C: W{C'a* g, a* f, Ct) = 
W{g,f,T). And the /i functional is defined by 

(6.2) m(5,t)= „inf W(g,/,T) 

(4xr)-7 /„e-/dy=l 

which is also invariant under diffeomorphism. The minimum is achieved by some 
smooth function / satisfing r[(2A/ - |V/p) + S] + f - n = fJ-{g,T). The first 
variation of fi{g, r) at g'j^j — Vij for fixed r is 

M'K,r) = (47rr)-t / {-t{v,^^ mc + f - ^g)}e-^ dVg. 

So the (shrinking) Kahler-Ricci soliton is the critical point of n{g,T — i). The 
gradient flow of the /z functional equals to (jl.ip with A = 1 up to a diffeomorphism 
generated by V/. So the fj, functional is nondecreasing along the Ricci flow. Tian- 
Zhu (see Proposition 2.1 in Tian-Zhu [41]) calculated the second variant of this 
functional near a Kahler-Ricci soliton in the canonical class. 

Theorem 6.2. (Tian-Zhu ^) It holds 

(6.3) ^//(w + V^dd^)\t=o < 

and the equality holds if and only if (pifi) is the real part of the holomorphic potential 
of some holomorphic vector field. 

So the only directions at a Kahler-Ricci soliton oj in (|6.3p vanishes are the the 
directions tangent to the orbit of oj under the action of Auto{M) and we obtain the 
following local property of the fi functional. 

Lemma 6.3. Kahler-Ricci soliton is the local maximum of fi{g) in the canonical 
class. 

As a result we deduce that a Kahler metric which achieves the maximum value 
of the ^(g) functional near a Kahler-Ricci soliton must be a Kahler-Ricci soliton. 

Let £o C J{o be the space of potentials of Kahler-Einstein solitons with respect 
to the holomorphic vector field X. In fact, due to Theorem 16. 1[ Sg is a single orbit 
under the action of Autr{M). Moreover, analogously to the extremal metric in Cal- 
abi [5], in the appendix of Tian-Zhu [38| , their Lemma A. 2. and Theorem A shows 
that the identity component of the holomorphic isometric group of the Kahler- 
Ricci soliton {lu,X) is a maximal compact subgroup of Autr{M) containing Kx- 
So {Autr{M), K) is a Riemannian symmetric pair and £o is Aut^ (Af )-equivariantly 
diffeomorphic to the Riemannian symmetric space Autr{M)/K. Then each ge- 
odesic initials from w in £o is written in the form g(i) = exp(t3fiy)*cj for some 
nonzero Y whose imagine part is a Killing vector field. According to Theorem 3.5 
in Mabuchi we obtain Q{t) is also a geodesic in %. Thus we obtain: 

Lemma 6.4. £o is a finite dimension totally geodesic submanifold of^Q. 

If we choose ujp — uj ddp such that p realizes the shortest distance between 
ij) and £o. Clearly, p is uniquely determined. In fact, due to Theorem 16.11 we 
obtain a holomorphic diffeomorphism a S Autr{M) such that a*uj = ujp = uj -\- 
yj—lddp and p € £o. Following the analogous argument of Proposition 14.51 bv 
using the /z functional instead of the X-energy, we obtain the following proposition. 
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Proposition 6.5. Assume M admits a Kdhler-Ricci soliton {uj,X). There exits a 
small constant eo- If Ifolc^.^iM) < ^o, then there is a unique solution ipit) and the 
corresponding holomorphic transformation g{t) G Autr{M) such that normalization 
potential of g{t)*uj^{t) always stays in S. Moreover, for any sequence g{ti), there 
is a subsequence g{tij) such that Q{tij)* g^p^n .) converges smoothly to g^o- 

Let be generated by "SIX such that = (<^~^)*^<r, <^*cli ~ ujg and (p ~ (^*Lp + Q. 
We obtain the modified Kahler-Ricci flow of tlie form 

The modified potential equation is 

.6 5^ If =logg + + 3?X(0)+a(t), 

with the normalization condition 

(6.6) a(t)^_ / (iog4+^ + 3?X(0))w^. 

^ Jm ^ 

Here 

Lxuj^ = Ric-Lj + dd{X{(t,)) = ddex{<t>) - dd{ex + X(0)), 

L^xLo^ = dd{ex + 5RX(0)) and = dd{'^X{d^)). 

When the initial datum is if x -invariant, ip and <f> are both ifx-invariant. Choose 
the A^x-invariant Kahler potential space be 

Mjf (w) = {(/)€ C°°{M)\i^ + dd(l) > 0, ^X((l)) = 0}. 

In Tian-Zhu [39j . they introduced the modified Futaki invariant 

Fx{Y)^ [ Y{f-9x)e'>-uj^ 

JM 

for all X,Y E rj{M) and the Futaki potential / determined by uj and the modified 
if- energy 

H{uj,uj^) = -77 / / 0[i?ic(w0) - a;^ - dd6x{4>) 



+ d{h^^ - Oxm A a0x(</')]e''-(^)c^^-idi. 

for any in Mj(:(a;). Along the modified Kahler-Ricci flow (|6.4p . the modified 
Futaki invariant takes the form 

Fx{Y) = - [ Y{^)e'-^^)Lo^ 

JM 

(6.7) =-/ ^^y(A + X)(/.e«^('^^. 

JM 

It is obvious to obtain the evolution of the modified ilT-energy along the modified 
Kahler-Ricci flow, i.e. 

(6.8) |m(^,^0) = j^^ iV^pe''-^^)..;. 

Accordingly, the modifled AT-energy is decreasing along the modifled Kahler-Ricci 
flow on Mx(w). 
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Theorem 6.6. (Tian-Zhu If M admits a Kdhler-Ricci soliton {uj,X), the 

modified Futaki invariant Fx{Y) = for all Y G r]{M), and the modified K -energy 
has lower bound on Mx{uj)- 

By proposition l6.5[ wc have uj^{t) = g*Lu^p{t) converges to a Kahler-Ricci soliton, 

lim Ric{g^^) - io^^ - LxOJiht = 0. 

Moreover, since X stays in the center of rir{M), we have the holomorphic transfor- 
mation i,* g~^* keeps the identity invariant, 

(6.9) hm Ric{gd,t) - ^4>t ~ Lxi^4>t = 0. 

t—¥OC 

After taking trace, we obtain 

(6.10) hni A^,(/) = hm S{g^,) -n- A^^9x{^) - 0. 
Again since X stays in the center of 'i]r{M), we also get 

lim LxiV-idd4>) = lim Lx{Ric{gA,^) - uj^t - Lx^jaJ = 0. 



For each time t, similarity to Lemma 15. II we apply the Dc Giorgi iteration to deduce 
the L°° bound of 4> and X{4>). In fact, we obtain 

(6.11) Mw^.2<C\\S-n-A9x{moo. 
Then we derive 

(6.12) \moo<C\\S-n-A9x{moo 
and the L°° bound of X ((/.)- ^ /^^ X{4>)u}'^ 

(6.13) \\X{^)~^ ( X{^)ujl\\^<C\\trg^Lx{Ric{9^,)-u:^,~Lxu:^,)\W 
Moreover, Zhu [33] provides the following estimate. 

Theorem 6.7. (Zhu |43j ) For any (p G Mx(w) there is a constant C depends on g 
and X such that 

(6.14) ||^(0)||co <C. 

Lemma 6.8. The relation between a{t) and the modified K-energy is 

(6.15) \a{t) - a(0)| < ^(w, w^J - /x(w, w^J. 
In addition, 

(6.16) \a'{t)\<C^ f \V<j,\\'-^'^^cu;<C\\S-n-Aex{moo. 

y Jm 

Proof. Wc compute (|6.6p to see that 

(6.17) «'W = -^ / [xi<i^)-\y<p\']H. 

^ Jm 

It is obvious that 



1 f . „1 



2, ,n 



(6.18) I- / Xi^Wj,\ < C- / |V0|-c.^ 

^ Jm ^ Jm 

Since ex{(t>) = 6*^ + ^ (</>), then (|06l) follows from (|6J4l) and ([OT|) . Hence, 
integrating with t in both sides of ()6.17p and using (|6.8p we have (|6.15p . □ 
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So TIieoreni l6.6l implies a{t) is uniformly bounded. Moreover, the L°° bound of 
X{^) is obtained by substituting (|08)) and (jOTI) in (|03)) . 

(6.19) 

||^(0)||oo < C\\trg^LxiRicig^,) - - Lxw^JIU + C\\S - n - AexiMo.- 
It is direct to compute the t derivative of vo{t) = y Jj^j ^^e^^'^'^^^'^w^, we arrive at 

§-^vo{t) - ^ - 0)|V0p + 02(2 -4>-a') + 20a']e«-W-^w^. 

Hence we obtain for 5{t) — ||0||oo, 

^vo{t)<lj I [-2(l-<5)e-*|V</.|2 + 02(2 + ^„a')e']e''-'(^)c^J 

M 



dt ' - V 
1 



In which 5{t) ^ Q and a'(t) ^ follow from (|6.12p and (|6.16p respectively. 

As it is known in Futaki [21] and Tian-Zhu l8|, the operator Ag + X for a 
Kahler-Ricci soliton (g, X) is a self-adjoin elliptic operator in the space C°°{M, C) 
equipped with the weighted inner product (/,5) = /j,^/.ge^^(9)a;". Also the first 
eigenvalue of Ag + X is 1 and moreover the corresponding eigenspacc consists the 
holomorphic potentials of the holomorphic vector fields in ri{M). We apply the 
same method to the Kahler-Einstein metric case to use the fact that the spectrum 
of converges to the the spectrum of the Kahler-Ricci soliton and the modified 
Futaki invariant (|6.7p vanishes to obtain 

(6.20) uo{t) = i / 02^^ < uo(0)e-^*. 

Moreover we show that 
Lemma 6.9. 

(6.21) y;(t)^l/' \v'^\^c;<CuiiO)e''K 

IM 



V 

Proof. We compute 



dt VJm' ^' y JM 



Since (|6.5p gives = A0 + + X(0), we use the Holder inequality to estimate the 
first term 

-2Mi+i(t) + eu;+i(i) + C{e)ui(t). 

By (|6.10p . the second term is bounded by u;(t). Using (j6.5p in the third term we 
get 

1 



M 
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and by (|6.9p we have the third term is controlled by u/(t). Combining theses three 
estimates, we then obtain by the interpolation inequality 

dui{t) 



at 



< (-2 + e)ui+,{t) + (C(e) + 2){Sui+,{t) + C{S)uo{t)) 

< {C{e) + 2)C{S)uoit) 



provided -2 + e + (C(e) + 2)S < 0. We thus obtain by (lOOll 

(6.22) ^ < Ce-'K 

Since ui{tp{t)) = y |V'^pw^ — >■ and ui{tp{t)) is invariant under the holo- 
morphic transformation <i* Q~^* , the lemma follows by integrating (j6.22p from t to 
oo. □ 

Since the Sobolev constant and the Poincare constant are uniformly bounded. 
Accordingly, ()6.21|) implies by the Sobolev imbedding theorem 

(6.23) l^lcHg,) < Ce-^*. 
We apply = </)(0) + (t)dt to obtain 

(6.24) \m\co<\m\co+Ce-'K 



Consider the equation 



log4 ==0-0-X(0)-a(i). 



UJ" 

Yau's computation in [52] and its parabolic adaption in Cao [7] shows: 

+ (C + inf i?,^fefc)(n + A0) — e + A(-(/) - X(0)) - inf i?,,^^. 

As shown in Tian-Zhu [38], at the maximal point of e'~'-''^{n + A(p) where we get 
A</-, C(n + A0)</-,, it follows AX((/)) = Xk^(|)k-^ + CX((?i)(n + Ac/)) < C{n + Ac/)). 
As a result, we apply (IBJil) . (pTT^ . and ((Oil) to obtain 

< n + A0 < C, 

which implies g and is L°° equivalent. Then by using Calabi's computation 
[1] (see Yau [12]) and the method for dealing with the extra term AX((/)) in Zhu 
[33] we have norm of has uniform bound. Moreover, Theorem 12.81 implies all 
higher order derivatives are uniformly bounded and g and is C°° equivalent. So 
(|05)) gives 

I'/' - '/'oolc'Ooc) ^ Cie'^K 
Finally, we have the exponential convergence of the modified Kahler-Ricci flow. 

Proposition 6.10. // the Kahler-Ricci flow converges to a Kahler-Ricci soliton in 
Cheeger-Gromov sense. Assume the initial Kdhler potential is Kx -invariant, then 
the modified Kahler-Ricci flow must converge exponentially to a unique Kahler-Ricci 
soliton nearby. 
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We remark here Zhu 04] also discussed the stability of Kahler-Ricci flow near 
a Kahler-Ricci soliton by using Perelman's estimate [30] and Chen-Tian's energy 
method 

7. Weak flow 

We can weaken the initial condition according to Chen-Tian [TS], Chen-Tian- 
Zhang [16] and Song-Tian [36]. Let a(t) = in (|2.3p . the potential equation reads 



(7.1) 




= log ^ + 
= <^o- 

We defined ipo is the limit of ips e PSH{M,uj) n L°"{M) in norm. Meanwhile, 
'^v'o — ill current sense. Let the weak solution be a limit of a sequence of 
approximate solution by 

tf{t) = lim (^(s,i). 
In their articles, they proved that 

Theorem 7.1. (Chen-Tian p2], Chen-Tian- Zhang [16j . Song-Tian [36] ) // (po 

defined above with |<po|l°° < ^ aJ^rf I73^|lp(a/,(j) ^ /or p > 1, t/iere is a unique 
smooth solution g^{t) of (jl.ip /or t > smc/i that 

lim i^(i) = • 

The key estimate in their proof is that (see Proposition 3.2 in Song-Tian |36) ) 

(7.2) \ipit)\c. < Cit,T,k,A,B) on (0,r]. 
Introduce the space 

^(eo;S,p) = {<^||<^|l~ < eo, \-^\lp{m.uj} < B for some p > 1} 

for fixing B and p. Here i? and p should be chosen such that N(eo; B,p) is not a 
empty set. Clearly, if |</3o|ci'i < ^o, then i^sq G 3\r(eo,l + (2" — l)eo,oo). Actually, 
we can see that 

Lemma 7.2. When we fix to G (0,r], for any ei > 0, there is a small eo, for any 
(fio e J<{eo;B,p), we have \ip{to)\c2.o. < ei. 

Proof. If the conclusion fails, we could choose a sequence of ips such that 

1 

\<Ps\l=- < - and | — f |lp(a/,c,;) < B. 
s a;" 

But for each corresponding solution ifs{t) constructed by Theorem 17. 11 we have 

(7.3) |(/j,(to)|c2,» > ei. 

Setting gaipij = /q (ffij + a(pfj)da > 0, we rewrite (|7.ip as follows 

By using the maximal principle we obtain that 

(7.4) sup|(^,(to)| < e*«sup|(^«|. 

M M 
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By (|7.2|) . we can pass a subsequence of fstito) such that 

lim (ps,{to) = Vooih) 

f oo 

in for fc > 0. Let s = in (|7.4p then the hmit approaches 
(7.5) sup|y.oo(to)| < 

which contradicts (j7.3p . □ 

Now as we have a C^^" smah initial datum <p(io): we normalize it to be ipo — 
I{(po) which is also C^'" small. Then we can solve equation (j2.3p with this initial 
datum. Therefore combining Proposition 13. 11 Proposition 14.51 Proposition 15.21 and 
Lemma 17.21 we obtain main Theorem 11.21 Analogously, we apply Proposition 16.51 
Proposition [OO] and Lemma to obtain Thcorcm ll.il 



8. Another choice of holomorphic transformations 

In this section, we follows the argument by Bando-Mabuchi |3] and Chcn-Tian 
S] to find a good holomorphic transformation. / and J functional are defined as 

1 



^ J M 

1 r -11 

V Jm n + i 

From Aubin [T] they are both semi-positive functionals and satisfy 

(8.1) < /(iu,(.j^) < ("- + l)(^(w,a;^) - J(a;,a;^)) < nl{uj,uj^). 
for all e IK. Fix if E IKq, consider a functional 

*(ct) = (/ - J)(w^, cr*cj) = (/ - J){lj^, UJp) 

for any cr £ Autr{M) which is the reductive subgroup of Aut{M) and a*uj = 
oj + 59p. Since tOp is a Kahler-Einstein metric, it satisfies 

(8.2) log + p = and /(p) = 0. 

If iOp is the minimal point of 5*, for any u G Ai(ti;p), we have 

(8.3) / {p-^)uuj;^0. 

It is known that ri{M) ^ Ai(a;) for any Kahler-Einstein metric u in [29] . In order 
to prove the minimizer of ^' can always be attained, it is sufficient to prove 

Proposition 8.1. For all p G {p\(J*uj = Up, a E Autr{M), ^'(cr) < r}, we have 

p\a^--M < C(l</5|c^.°)- 

Proof. Clearly, 

— Ay(/9 — (f) < n and — Ap(p — (p) > —n. 
Since the lower bound of the Green function is given by 

(8.4) 
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Here the volume is a constant in fixed Kahler class and diam{gip) < Cdiam{g) by 
\f\c^ ^ C- Using the Green formula and ()8.4p . we obtain 

sMp~^) = t7 I {p-vW^-ttI ^vip-'p)iy)iGvi^^y) + ^'p)^^iy) 

M y Jm ^ Jm 

(8.5) <^ I {p~^)Lol + nA^. 



M 



Similarly, wc deduce 



inf(p-^) = l/ (p-^)c.;-l/ Ap(p-^)(y)(Gp(a:,y) + Ap)c.;(y) 



(8.6) > i / {p^ip)u;^-nA, 



Because Ric{p) = Wp, diam{gp) < \/2n — Itt by Myers theorem. Combining 
and (18.61) we have 



(8.7) Oscm(p -^)>Yr I ip- - O + ^(I^IcO- 

From (18.11) we obtain 



V 



^ I {p-ip){Lu';-Lu;) = I{LU^,cUp)<{n + l)iI-J){L,^,iOp)<{n + l)r. 

A/ 



Since Wp is a Kahler-Einstein metric, we have 

(8.8) (w^ + \/^aa(p - </.))" = e-(''-'^)+''^w;j. 

with 

v^dd\ ^ Ric[uj^) - uj^ and / e'^^uj'^ = Vol{M). 

By using the second order estimate in Yau [55], we get 

n + A^ip-^) < e^°^^«(''-^)C(sup(inf |i?^,y),inf5^,sup/i^) 

M A-" A/ 

(8.9) < e<^°^'='-^(''-'^)C(|(^|c4). 

Then the Krylov estimate shows p — (p has C^'" bound. □ 

Thus we also obtain the uniform bound of gauge p. Our previous discussion 
implies: 

Corollary 8.2. //|(^|(74,q is bounded and p is the minimizer o/^', then \ip — plc^.a 
and \p\Q2,a are both bounded. 

This lemma implies gp is equivalent to g. Wc now turn to obtain the uniqueness 
of the critical points of the functional 4* when ip is small. The second variation of 
^' at p is given by the formula 

(8.10) DHp{u, v)^^ljl + i App)««w^. 

Lemma 8.3. For all \(p\q2.o, < ei and u G Ai(ajp), the bilinear form D^'^ p{u,u) is 
positive. Hence p is unique. 
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Proof. Note that ()8.8p can be rewritten as 

(8.11) (iUp + V^ddiifi - p)}" = e-^'^-P^-'^^co;. 
By definition, is given by 

If 

/i^ = -log^-^-log(- / e-^uj-. 
^ ^ Jm 

We conclude that 

(8.12) \K\c^.o,^g^)<Ce,<S 
by assumption of ip. Let 

Ci'"(A/) = {^e C2'"(M)| / ^uoj;,yu e Aliojp)}. 

JM 



Define the operator of (|8.1ip by 

$(a, b) = log ^— '- + a + 5, 

C^'"(A'/) X C"(M) ^ C"(M). 

It is clear that $((^ — p, ft,^) = from (|8.1ip . The linearized operator of (|8.1ip at 
(a, h) = (0, 0) is given by 

We infer that is invertible from C^'"(M) to C;j^(M). The implicit function 
theorem implies there is a small 8 neighborhood of in C"(M) such that when 
|ft,^|c'2,Q(-g^) < (5, we have from (|8.3p that 

(8.13) |^-p|c.,»(3,)<CT. 
Hence we deduce that 

(8.14) |p|c2,= < |¥> - pIc^.c + |(/3|c2,= < Cei < 1 

by using Corollarv l8.21 (j8.12p and choosing appropriate t\. □ 
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